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Abstract

Laser doppler velocity measurements of the axial, tangential, and radial velocity components were performed in a turbulent jet

generated by an impeller operating in a weak co-¯ow and counter-¯ow. The measurements were carried out downstream of a model

impeller placed in a glass-walled ¯ume, which was either closed-o� or operated with a small base ¯ow. For the closed-o� ¯ume case a

return ¯ow was produced causing the jet to develop in a weak counter-¯ow, whereas in the base ¯ow case the jet evolved in a weak

co-¯ow. The jet development in these two types of ¯ow, essentially representing perturbations of the classical problem of a jet in an

uncon®ned, quiescent ambient ¯uid, was compared with respect to mean velocities and integral ¯ow properties such as jet spread,

volume ¯ux, and momentum ¯ux. Ó 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

In many environmental and technical/industrial applica-
tions, there is a need to arti®cially induce ¯ows in ¯uids and
¯uid mixtures. The purpose of such ¯ow generation could be
to transport substances, keep solids in suspension, homogenize
¯uids with di�erent properties, dissolve matter in liquids, en-
hance biological and chemical reactions, or modify the thermal
conditions in a ¯uid. A submersible mixer is a ¯exible and
e�cient device for inducing arti®cial ¯ows. The mixer consists
of an impeller, which is basically a propeller operating at static
conditions, and a motor driving the impeller. The rotating
impeller generates a swirling jet with an initial size, velocity,
and direction depending on the characteristics and orientation
of the impeller. The swirling jet penetrates through the ¯uid
and grows in size as it entrains ambient ¯uid; simultaneously, a
large-scale motion is induced in the ¯uid that largely depends
upon the boundary geometry. This large-scale ¯ow pattern is
in many applications of decisive importance for achieving the
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Notation

a distance from virtual origin to impeller blades
b jet width based on the radial distance where

� 0.5 Um

Cu non-dimensional coe�cient
(mean axial velocity distribution)

Cw non-dimensional coe�cient
(mean tangential velocity distribution)

D impeller diameter
Gx axial ¯ux of linear momentum corrected for

pressure (jet thrust)
Gu axial ¯ux of angular momentum
Ke entrainment coe�cient
N impeller speed
R impeller radius
r radial coordinate
Q volume ¯ux
Q0 volume ¯ux through impeller
S swirl number
U axial velocity
�U mean axial velocity
Ua mean longitudinal velocity in the ambient ¯uid
Ua0 mean longitudinal velocity in the ambient ¯uid

upstream impeller
Um maximum of mean axial velocity
Up peripheral velocity of impeller blades
u rms value of axial velocity unsteadiness
V radial velocity

�V mean radial velocity
v rms value of radial velocity unsteadiness
W tangential velocity
�W mean tangential velocity

Wm maximum of mean tangential velocity
w rms value of tangential velocity unsteadiness
x horizontal coordinate
y lateral coordinate
z vertical coordinate
q ¯uid density
n r=�x� a�, similar radial coordinate
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desired e�ects with the ¯ow generation. Most mixer applica-
tions involve complex ¯uid dynamics regarding both the im-
peller jet and the induced large-scale motion that must be
understood in detail to maximize the e�ciency of the mixing
operation.

Conventionally, mixers have mainly been used in ¯uid
bodies of relatively small scale, but there is a potential for also
using mixers in larger ¯uid bodies (J�onsson and Rissler, 1991;
Stephens and Imberger, 1993). A mixer with a large diameter
may be used to generate large-scale circulation, which is
needed in environmental applications where signi®cant water
masses should be mixed. However, little guidance is available
at present to design and operate mixers for a speci®c appli-
cation because of the limited knowledge about ¯ows generated
by mixers. Comprehensive investigations on the properties of
swirling jets generated by impellers are in general lacking. As a
result, the design and choice of a mixer for a certain applica-
tion is largely based on empirical information. Thus, there is a
need for fundamental studies on mixer ¯uid dynamics that
elucidate the basic properties of swirling jets, and for valida-
tion and development of reliable computational models to
describe impeller ¯ows. An important aspect when applying
mixers to limited ¯uid volumes is the e�ect of the circulation
(natural or induced by the jet) on the development of the im-
peller jet. Even a weak ¯ow in the surrounding ¯uid may de-
cisively a�ect the jet properties, at least some distance
downstream of the impeller.

Swirling jets appear in many other applications besides
mixer-induced ¯ows. Although the characteristics of these jets
initially often di�er markedly from jets generated by mixers,
analogies can be found, especially some distance away from
the jet source. Propellers are often employed for the propulsion
of airborne and marine vehicles, and the ¯ow in the slipstream
or wash has similarities with the swirling jet generated by an
impeller. In studies of propeller ¯ows the focus is typically on
the velocity ®eld in the vicinity of the propeller, and the de-
velopment of the downstream ¯ow ®eld is of less concern. In
contrast, both the generation and the downstream develop-
ment of the swirling jet are of primary interest in mixer-in-
duced ¯ows, as well as any interaction with the ¯ow
boundaries and secondary ¯ows induced by the jet. The limited
number of detailed investigations of the velocity ®eld down-
stream of an impeller or propeller are derived mainly from the
®elds of aerodynamics (Biggers and Orlo�, 1975; Lepicovsky
and Bell, 1984; Lepicovsky, 1988), naval architecture (Min,
1978; Kobayashi, 1981; Hyun and Patel, 1991a,b; Hamill and
Johnston, 1993), and turbomachinery (Strazisar and Powell,
1981). Reference to these works are made not only because of
possible similarities with the jet behavior in the present study,
but also regarding measurement techniques employed to de-
termine the generated velocity ®eld. High-resolution mea-
surements of the velocity ®eld generated by an impeller or
propeller are often di�cult to perform requiring experience of
advanced measurement techniques.

In this study the velocity ®eld downstream of a model im-
peller operating in water was measured using a two-component
Laser Doppler Velocimeter (LDV), both for the case of a weak
co-¯ow and counter-¯ow. The investigation focussed on the
spatial development of the mean velocity in the axial, radial,
and circumferential direction, although simultaneous mea-
surements were performed on the velocity unsteadiness from
which turbulence characteristics were inferred (not discussed
here, see Petersson, 1996). The measurements extended up to
12 impeller diameters downstream of the blades displaying the
properties of the generated swirling jet both in the zone of ¯ow
establishment (ZFW) (Albertson et al., 1950) and the zone of
established ¯ow (ZEF). The division between these zones was
made based on similarity of the mean axial velocity pro®le.

Integral properties of the ¯ow such as volume and momentum
¯ux were computed from the measured velocity pro®les. The
transverse spreading of the impeller jet and its development
towards self-similarity (Townsend, 1976) were examined and
compared with non-swirling jets (Albertson et al., 1950; Hus-
sein et al., 1994) and swirling jets generated by other means
(Rose, 1962; Chigier and Chervinsky, 1967; Pratte and Ke�er,
1972).

The motivation for studying the development of impeller
jets in weak co-¯ow and counter-¯ow was the possible appli-
cation of mixers in large-scale ¯uid bodies, where it is expected
that the ¯uid outside the jet would be moving at low velocity.
As will be shown in the following, even low ambient velocities
perturb the condition at the jet boundary signi®cantly a�ecting
jet properties. Thus, it is of importance to determine how the
jet will respond to the circulation in the ambient ¯uid when
designing a mixer operation for large-scale applications. In
many cases the circulation is induced by the jet itself through
the entrainment of ambient ¯uid, creating a complex interac-
tion between the jet and the ambient circulation. The present
study constitutes a ®rst step towards quantifying how a small
perturbation at the boundary of a turbulent jet will a�ect the
jet properties.

2. Laboratory experiments

The swirling jet investigated in these experiments was
generated with a 1:10 model of the impeller from a Flygt
4501 mixer (Fahlgren and Tammelin, 1992). The three-blade
impeller had an overall diameter of D � 0:078 m and a hub
diameter of 0.023 m (see Fig. 1(a)). The axial extension of the
hub was 0:020 m. With only three blades, blade-to-blade
interaction was limited and the blade passages were impor-
tant for the ¯ow development close to the impeller. During
the measurements, the impeller was mounted on a model
motor that was operated at a ®xed rotational speed N

Fig. 1. Schematic description of the experimental-setup, (a) impeller

and (b) ¯ume layout and mixer location (closed-¯ume case shown).
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throughout a speci®c experimental case. Observations indi-
cated that the drift of the motor speed during a run was of
the order of 1%.

Measurements of the axial (U), tangential (W), and radial
(V) velocity components were carried out downstream of the
model impeller. The mixer was placed in a glass-walled ¯ume
that was 21 m long with a 0:9� 0:9 m2 cross-sectional area (see
Fig. 1(b)). The water depth in the ¯ume was 0.85 m and the
impeller was located as centered as possible 0.45 m below the
water surface. A two-component Laser Doppler Velocimetry
(LDV) system (TSI system 90-3) was used to perform the ve-
locity measurements, making it necessary to make two sets of
measurements at each point to obtain all three velocity com-
ponents. Both the mean velocities ( �U ; �W and �V ) and the ve-
locity unsteadiness were recorded (Petersson, 1996; Petersson
et al., 1996a,b), although only the former will be discussed
here. Most of the measurements were made through straight-
forward time-averaging using a sampling time short enough to
ensure that the velocity ¯uctuations of interest were resolved.
However, limited phase-averaging was also performed to de-
termine the e�ects of the blade periodicity close to the impeller.
To allow for e�cient and accurate data collection, a computer-
controlled traversing system was developed that automatically
moved the LDV probe in two perpendicular directions. In the
third direction, the probe was moved by hand along a rigid
®xed rail aligned with the wall of the ¯ume.

The measurements in the impeller jet were carried out with
a weak co-¯ow or counter-¯ow in the ambient water. The co-
¯ow was generated by introducing a small base ¯ow in the
¯ume, whereas the counter-¯ow was obtained by closing o�
the ¯ume which induced a recirculation in the ambient. The
velocity of the added base ¯ow upstream of the impeller (Ua0)
was uniform over the ¯ume cross-section (con®rmed by mea-
surements) and several di�erent ¯ow velocities were investi-
gated initially (Ua0 � 0:05; 0:10; 0:20 m/s). In all experimental
cases discussed here regarding the co-¯ow, a velocity of 0.05 m/s
was employed upstream of the impeller (see Petersson, 1996 for
results including other co-¯ow velocities). This ambient ve-
locity was su�cient to prevent a return ¯ow to develop over
the distance of observation. In the counter-¯ow experiment,
the ¯ume was closed-o� to form a 2.5 m long section with the
impeller located 0.4 m from the back wall. Complete cross-
sections of the jet were traversed by the LDV at selected lo-
cations downstream of the impeller, from approximately
0.128D to 12D. Downstream of 12D the conditions became too
complicated to regard the ¯ow as a jet developing in an am-
bient ¯uid. Two di�erent impeller speeds were used in the
closed-o� ¯ume, namely N � 1200 and 1800 rpm, whereas
only N � 1800 rpm was employed in connection with the base
¯ow.

The characteristic length scale for the jet in this experiment
was D (or, equivalently, the impeller radius R), whereas the
velocity scale could be taken as the peripheral velocity of the
impeller (tip speed) Up � 2pNR, at least close to the impeller.
Thus, the ratio Ua0/Up would characterize the e�ect of the
ambient ¯uid velocity on the initial jet development in co-¯ow.
For the co-¯ow cases discussed here, Ua0=Up � 0:007 and it is
not expected that there would be a great e�ect from the am-
bient ¯ow on the initial jet development, which was con®rmed
by measurements (discussed later). Close to the impeller, the
typical maximum value of the mean axial velocity in the jet was
about 20±30% of Up. Further downstream of the impeller, it is
expected that the ratio Ua/Um will instead determine the in-
¯uence of the ambient ¯ow on the jet development, where Ua is
the representative ambient velocity and Um the mean axial
velocity at the jet center line (taken at a speci®c downstream
location). This ratio took on values at least an order of mag-
nitude larger than the corresponding ratio at the impeller (Ua0

divided by the maximum mean axial velocity), which was en-
ough to signi®cantly in¯uence the jet properties.

The low values of Ua0/Up indicate that the impeller ¯ow had
little similarities with most airplane and ship propellers close to
the source of generation. However, for the primary application
of interest in this study, the values of Ua0/Up selected in the
experiments were in agreement with typical prototype values.
For example, using mixers for improving the circulation in
small water bodies would encompass mixers with impeller di-
ameters of 1±2.5 m operating at 0.5±2.0 Hz. Such prototype
conditions produce reference values that well correspond to
what was used in the present experiments. The measurement
uncertainty of the experiments has been discussed in detail in
Petersson (1996) and Petersson et al. (1996a).

3. Results

3.1. Flow structure

The development of the ¯ow immediately downstream of
the impeller was very similar for the co-¯ow and counter-¯ow
cases and may be schematically described as follows. A com-
plicated ¯ow ®eld developed close to the impeller that was a
function of the ¯ow generation in distinct areas around the
impeller such as the hub, mid-span, and tip areas (Hyun and
Patel, 1991a,b). The rotating hub created an inner solid-body
rotation with a peak tangential velocity at a position corre-
sponding to the hub radius. Simultaneously, a wake was
formed downstream of the hub that was a function of the hub
geometry. Away from the hub, mainly in the mid-span region,
the ¯ow was periodic due to the blade passage. After the ¯uid
left the blade, a wake was formed that was responsible for the
initially very high turbulence intensities found in the impeller
jet. The generated blade wakes gave rise to velocity gradients
in the circumferential direction which in turn increased the
turbulence generation and turbulent mixing. At the blade tips,
vortices formed as the boundary layer on the blades rolled up
from the pressure side to the suction side of the blade tips
resulting locally in negative velocities relative to the mean ¯ow
direction. The tip vortices surrounded the jet for some distance
downstream. Fluid was not in direct contact with the blades
and the hub passed through the impeller disk with little in-
crease in turbulence intensity and ¯ow direction.

As a result of the varying ¯ow characteristics in the cir-
cumferential direction, the ¯ow ®eld downstream of the im-
peller was periodic which a�ected both the mean velocities and
the turbulence. With increasing radial distance from the hub
the length between the blades in the circumferential direction
increased and blade-to-blade interaction became limited, and
the periodic behavior was therefore a more dominant part of
the ¯ow. Towards the blade tips, the roll-up of the tip vortices
further complicated the ¯ow picture. The gradients in the
circumferential direction gradually diminished with distance
downstream and the ¯ow became axisymmetric at some point.
Spectral analysis together with limited phase-averaged mea-
surements were used in the present study to investigate the
occurrence of periodicity in the ¯ow ®eld (see also Petersson,
1996). Up to 1D the periodicity was found to be marked after
which the di�usion of the turbulence from the blade wakes
seemed to proceed quickly, and the periodicity had disap-
peared after 2D. The focus here is on the development of the
impeller jet ¯ow in the region where the jet is axisymmetric, so
the periodicity in the ¯ow due to blade passages will not be
discussed further. Hyun and Patel (1991b) made phase-aver-
aged measurements downstream of a propeller and found the
¯ow to be axisymmetric at a distance of about 2D, although it
should be kept in mind that they studied a ship propeller
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operating in a considerably larger relative co-¯ow velocity
(Ua0=Up � 0:26). In general, the location where the jet becomes
axisymmetric depends on the rotational speed of the impeller,
the number of blades, and the overall impeller design, as well
as the ambient ¯ow conditions.

When the impeller was operating in the closed-o� section of
the ¯ume, it was a�ected by the circulation pattern induced in
the limited water mass. The impeller generated a swirling jet
that increased in size as it developed downstream. Simulta-
neously, a return ¯ow was created outside the jet supplying the
jet with water for the entrainment and the initial jet discharge.
The return ¯ow also consumed jet momentum that caused a
reduction in the jet velocity compared to a free jet. Fig. 2(a)
illustrates the schematic ¯ow structure for the case of the
closed-o� ¯ume. Close to the impeller the ambient ¯ow con-
ditions had little e�ect on the jet development; however, far-
ther downstream the conditions in the ambient signi®cantly
in¯uenced the jet properties, as will be shown later. Approxi-
mately 12D from the impeller the direct e�ects of the sidewalls
became marked, restricting the jet development, and no mea-
surements were made further downstream. Over the distance
of measurements the ¯ow was similar to a jet developing in a
counter-¯ow, although the situation was somewhat di�erent
from a simple counter-¯ow (Abramovich, 1963) since the re-
circulating water fed the jet and the return ¯ow was continu-
ously reduced. Some low-frequency velocity ¯uctuations
appeared in the ¯ow that were attributed to slow oscillations in
the jet position resulting from interaction between the recir-
culating water and the jet (compare Shih and Ho, 1994).

Fig. 2(b) displays the schematic ¯ow structure for the base
¯ow case. Contrary to the closed-¯ume case, the entrained
water had a velocity component in the jet direction and thus
contributed with momentum to the jet. Measurements at dif-
ferent locations outside the jet showed that the ambient ¯ow
was approximately evenly distributed over the cross-section.
The continuous entrainment of ambient water reduced the co-
¯ow velocity gradually. From the original velocity of 0.05 m/s
upstream the impeller, the velocity in the ambient ¯ow de-
creased slowly to about zero at 12D. Downstream of this lo-
cation recirculation could be observed at the surface, where the
water was ¯owing backwards in a zone extending between
approximately 14D±16D. The disturbed water found in this
recirculation zone did not in¯uence upstream water, and in-
stead it was observed that the recirculated water was trans-

ported downstream with the mean ¯ow. The co-¯ow stabilized
the jet path and the de¯ection or oscillation of the jet was
much reduced in comparison to the closed tank. Low-fre-
quency ¯uctuations were still present but the magnitude was
considerably smaller than in the counter-¯ow experiment.

3.2. Mean velocities

The principal features of the spatial development of the
mean jet velocity components were similar for the closed-o�
¯ume and base ¯ow case, although the numerical values of
some basic jet properties di�ered as will be discussed shortly.
Fig. 3(a), (b) and (c) show the radial distribution of the mean
axial, tangential, and radial velocity, respectively, for the base
¯ow case (N � 1800 rpm) at selected downstream locations.
Only half of the impeller jet is displayed in the ®gures; in
several cases the entire jet was traversed to con®rm that the
velocity pro®le was axisymmetric. The peripheral velocity of

Fig. 3. Mean velocity pro®les for the co-¯ow experiment, (a) axial,

(b) tangential, and (c) radial velocities.

Fig. 2. Flow structure for the case of an impeller operating in (a) a

closed-o� section of the ¯ume and (b) in an open ¯ume with a base

¯ow (jet size and base ¯ow exaggerated).
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the impeller (Up) was used to normalize the measured velocities
in the ®gures and the radial distance r was normalized with the
impeller radius R. The mean velocity of the ambient ¯ow
measured at a particular cross section was subtracted from �U
before plotting in Fig. 3 (the ambient velocity was approxi-
mately uniform outside the jet region).

Immediately downstream of the impeller a distinct trough is
seen in the distribution of �U that is mainly an e�ect of the
blocking hub (see o�-axis peak at x � 2D in Fig. 3(a)). Since
the impeller used in the present investigation produced a fairly
weak degree of swirl the trough was rapidly ``®lled'' a short
distance downstream of the impeller, mainly because of tur-
bulent di�usion. From approximately 4D the maximum ve-
locity appears at the jet centerline and the �U -pro®le starts to
attain a Gaussian shape. The mean tangential velocity has a
very pronounced peak close to the impeller that is reduced at a
high rate in the downstream direction, simultaneously as the
position of the peak is displaced out from the jet center
(Fig. 3(b)). The high peak near the impeller is associated with a
solid-body rotation of the water that becomes less important
further away from the impeller where the main portion of the
swirl ¯ow has the properties of a free vortex. All measurements
of �W showed values close to zero in the jet center indicating
that the alignment of the experimental setup was satisfactory
during the experiments.

Fig. 3(c) shows that the radial component �V is directed out
from the jet center at every location from 2D to 12D (positive
velocity represents an out¯ow from the jet center). Towards
the jet edge, the ¯ow direction is reversed and a radial in¯ow
(entrainment) into the jet is clearly seen. In the jet center values
close to zero are obtained, which is expected due to symmetry.
Very close to the impeller �x < 2D� �V is mainly directed to-
wards the jet center (measurements not shown here, see Pe-
tersson et al., 1996a). This in¯ow is caused by the radial
pressure gradient imposed by the swirl and the wake formed
behind the hub. Partly due to this in¯ow the low velocity core
is accelerated and disappears rather quickly.

Close to the impeller, the e�ect of a weak ambient velocity
on the jet development is negligible and the impeller charac-
teristics determine the mean velocity pro®les. Fig. 4(a) and (b)
display measured �U - and �W -pro®les for N � 1800 in the ZFE,
which was de®ned based on the location where �U displayed
self-similarity in analogy with Albertson et al. (1950) (for a
more extensive discussion of how ZFE and ZEF was distin-
guished in this study, see next section). A distance 0.128D
downstream of the impeller there is essentially no di�erence
between the co-¯ow and counter-¯ow experiments (Fig. 4(a)).
As previously mentioned, the hub blockage produced a distinct
trough in �U with an o�-axis peak at about r=R � 0:5 (location
of maximum thrust created by the blades). At 2D some dif-
ferences between the �U -pro®les are noticeable, especially near
the jet center where the trough is more rapidly ``®lled'' for the
counter-¯ow experiment. The �W -pro®les at 0.128D display two
clear peaks; the inner one is generated by the rotating hub and
the outer one by the impeller blades. At 2D the two peaks have
merged to one, simultaneously as the �W -pro®les have become
much ¯atter. The di�erences between the �W -pro®les for co-
¯ow and counter-¯ow at 0.128D are mainly attributed to a
lower data rate obtained in the co-¯ow experiment.

In the ZEF the jet di�ers markedly for the co-¯ow and
counter-¯ow experiments, although the overall shape of the �U -
and �W -pro®les are quite similar in the two experiments (see
Fig. 5(a) and (b)). The �U -pro®les measured in the co-¯ow are
more narrow and the spread of the jet is considerably less. At
4D the �U -pro®le measured in the counter-¯ow has attained a
Gaussian shape with the maximum (Um) at the jet center,
whereas Um for the co-¯ow is still slightly o�-axis. Farther
downstream a Gaussian shape is a good approximation for the

�U -pro®le, both in the co-¯ow and counter-¯ow. The values of
�W are larger in the co-¯ow experiment, but the maximum in �W

(Wm) is found approximately at the same radial location for
the two experiments. Similar to �U and �W ; �V displayed pro®les
that were more narrow for the co-¯ow compared to the
counter-¯ow experiment.

3.3. Self-similarity

In the vicinity of the impeller the jet is a function of the
impeller characteristics such as diameter, rotational speed,
number of blades, and blade shape. The periodicity of the
blades introduced in the ¯ow has basically disappeared 1D
downstream of the impeller and the jet may be regarded as
completely axisymmetric from 2D (Petersson, 1996). Further-
more, after about 4D the �U -pro®les exhibit self-similar prop-
erties, that is, appropriately scaled all �U -pro®les can be
described by the same function, which is a Gaussian curve. The
normalization of �Uand r was done with Um and x� a, re-
spectively, where a is the location of a virtual origin for the
impeller jet (how this origin was determined is discussed in the
next section). A common criterion for distinguishing between
ZFE and ZEF is whether �U displays self-similarity (Albertson
et al., 1950); this criterion was also employed in the present
study, as indicated in the previous section. Fig. 6 illustrates
�U=Um as a function of n � r=�x� a� for the co-¯ow and
counter-¯ow experiments, together with least-square ®tted
Gaussian curves given by

Fig. 4. Comparison between mean velocity pro®les for co-¯ow and

counter-¯ow in ZFE, (a) axial and (b) tangential velocities.
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where Cu is an empirical coe�cient. The ®gure summarizes the
measurements of �U carried out from 4D to 12D, except the �U -
pro®les measured at 4D for the co-¯ow since it showed a slight
o�-axis peak (see Fig. 5(a)). The di�erent jet widths are clearly

displayed and Cu was determined to 41 and 92 for counter-¯ow
and co-¯ow, respectively. De®ning a jet width b based on the
radial distance where �U � 0:5 Um yields b=x � 0:130 and 0.087
for the two experiments, calculated based on the Cu-values. No
signi®cant di�erence could be detected in the counter-¯ow
experiments between the normalized �U -pro®les obtained for
N � 1200 and 1800 rpm.

Fig. 7 compares the two Gaussian curves obtained in the
present experiments with previous studies on swirling jets. An
axisymmetric swirling jet is often characterized by the non-
dimensional swirl number S (Chigier and Chervinsky, 1967)
de®ned as

S � G/

GxR
; �2�

where G/ and Gx, respectively, are given by:

G/ � 2pq
Z 1

0

r2UW dr; �3�

Gx � 2pq
Z 1

0

r U
2

 
ÿ W

2

2

!
dr �4�

in which q is the ¯uid density. The quantities G/ and Gx may
be related to the conservation of axial ¯ux of angular and
linear momentum, respectively, and are obtained by integrat-
ing the equations of motion for a turbulent, axisymmetric,
incompressible, stationary jet (Chigier and Chervinsky, 1967;
Pratte and Ke�er, 1972). Eq. (3) results from an integration of
the equation of motion across the jet for the tangential com-
ponent, whereas Eq. (4) originates from the integrated axial
equation of motion where the pressure term is eliminated by
using the radial momentum equation and the turbulence terms
are assumed to cancel out.

The swirl number is usually given at the device (the impeller
in the present case) and R is taken as the radius of the device
itself. The degree of swirl is said to be weak if S < 0.4, strong if
S > 0:6; and moderate in between these values. In the present
experiments S was evaluated at 2D (where axisymmetry pre-
vailed) to be 0.23 and 0.26 for N � 1200 and 1800 rpm, re-
spectively. The counter-¯ow experiment agrees fairly well with
previous studies for similar swirl numbers S, whereas the

Fig. 5. Comparison between mean velocity pro®les for co-¯ow and

counter-¯ow in ZEF, (a) axial and (b) tangential velocities.

Fig. 6. Normalized mean axial velocity pro®les for co-¯ow and

counter-¯ow in ZEF.

Fig. 7. Comparison between normalized mean axial velocity pro®les in

the present investigation and other studies on swirling jets (A: Hussein

et al. 1994; B: Chigier and Chervinsky 1967; C: Pratte and Ke�er

1972).
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co-¯ow experiment produced a jet that is quite similar to a
non-swirling jet �S � 0� (see Fig. 7). Chigier and Chervinsky
(1967) found Cu � 63 and 24 for S � 0:13 and 0.42, respec-
tively (their experiment for S � 0:23 gave Cu � 27, which
somewhat deviates from the overall trend of the experiments
and is not plotted here), and Pratte and Ke�er (1972) obtained
Cu � 45 for S � 0:30. Thus, in this respect the jet in the
counter-¯ow is more similar to a free jet, as measured in other
experiments, than the jet in the co-¯ow.

The self-similarity of the other mean velocities was also
investigated using Wm to normalize �W , whereas Um was used
for �V (same as for �U ). For the counter-¯ow experiment the
scatter was pronounced, especially at the most downstream
measurement locations (Petersson, 1996). However, with a co-
¯ow the jet path was stabilized and the scatter somewhat
reduced. Fig. 8(a) and (b) illustrate the normalized �W - and �V -
pro®les, respectively, as a function of n for the co-¯ow
experiment. An empirical equation was ®tted to the �W -pro®les
that produced a single maximum, where �W � Wm, and that
decayed towards zero for large n-values, as observed in the
data:

W
Wm

�
�����������
2eCw

p
neÿCwn2

; �5�

where Cw is an empirical coe�cient. The coe�cient Cw was
determined to 32 and 56 for the counter-¯ow and co-¯ow,
respectively, bearing in mind that the counter-¯ow experiment
showed more scatter than the co-¯ow experiment. Thus, the
width of the normalized �W -pro®les was substantially smaller
for the co-¯ow compared to the counter-¯ow, again re¯ecting

the less spread of the jet that occurred in the former experi-
ment (compare with the �U -pro®les). Some simple analytical
modeling of turbulent swirling jets rely on the existence of self-
similar velocity pro®les both for �U and �W (Chigier and
Chervinsky, 1967; Pratte and Ke�er, 1972; Larson et al., 1999).
The Gaussian shape for �U has been con®rmed by extensive
laboratory measurements (also in this study; see Fig. 6),
whereas expressions for �W vary between studies and no general
agreement on shape exists. Chigier and Chervinsky (1967)
employed a third-order polynomial, although such an expres-
sion has the disadvantage that �W =Wm does not go to 0 as n
goes to in®nity. In this study, the form of Eq. (5) was empir-
ically chosen to ®t the necessary physical constraints and the
overall ®t was judged acceptable for modeling purposes (Lar-
son et al., 1999), although the scatter was signi®cant.

Integrating the continuity equation written in cylindrical
coordinates across the jet and assuming a Gaussian pro®le for
�U yields an equation for how �V varies with n

V
Um

� neÿCun2 � eÿCun2 ÿ 1

2Cun
: �6�

Eq. (6) is also plotted in Fig. 8(b), and as can be seen from the
®gure the ®t to the data provided by the equation is only partly
successful. The position of zero velocity and the positive and
negative velocity peaks are well described, but the magnitude
of the positive peak is not well predicted. Also, the measured
�V -pro®les are typically tailing o� at a higher rate in the outer
part of the jet compared to Eq. (6). However, the scatter in the
plotted data is large and it is not clear that the data support
self-similarity for the �V -component over the distance of ob-
servation.

3.4. Integral ¯ow development

3.4.1. Spreading angle of jet
The jet tended to spread linearly both in the co-¯ow and

counter-¯ow, as shown in Fig. 9, where b/D is displayed as a
function of x/D for the two experiments. The spreading angle,
de®ned based on b, was 5.0° for the co-¯ow and 7.4° for the
counter-¯ow. A virtual origin for the jet was possible to de®ne
by extrapolating the line describing the jet spread back to
b/D � 0 giving a virtual source location a distance a upstream
the impeller. Such a source has zero mass ¯ux at the origin but
angular and linear momentum that produce a swirling jet in
the ZEF identical to what the impeller does. The location of
the virtual origin was determined to a � 2D and 4D for the

Fig. 9. Radial spread of the jet for co-¯ow and counter-¯ow.

Fig. 8. Normalized mean velocity pro®les for co-¯ow in ZEF,

(a) tangential and (b) radial velocities.
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counter-¯ow and co-¯ow, respectively, re¯ecting the di�erent
spreading angles for the two experiments. These values are
similar to the 2.3D found by Chigier and Chervinsky (1967)
and the 3D found by Pratte and Ke�er (1972).

The jet was observed to spread at nearly the same angle for
the two impeller speeds investigated in the counter-¯ow ex-
periment. Close to the impeller, a minor increase in the spread
of the jet was observed with an increase in the impeller speed.
The spread is similar to what Pratte and Ke�er (1972) pre-
sented for a weakly swirling jet, which was almost twice that of
a corresponding non-swirling jet in their experiment. Chigier
and Chervinsky (1967) investigated the dependence of the ra-
dial spread on the swirl number. They found that the spreading
angle increased with S up to about 10° after which the angle
was approximately constant. However, it is apparent from
previous studies that the spreading angle signi®cantly depends
upon the conditions at the discharge point (Chigier and
Chervinsky, 1967; Farokhi et al., 1989).

3.4.2. Volume ¯ux and entrainment
The volume ¯ux Q was determined at downstream cross-

sections by integrating the measured �U -pro®les and the result
is displayed in Fig. 10. Various de®nitions of the jet edge were
applied when computing Q, but the di�erence in results was
minor since the jet velocity dropped to negligible values (with
respect to the ambient ¯ow velocity) at the measurement
points farthest away from the jet centerline. The computed Q-
values were normalized with UpR2 to allow for comparison
between di�erent N (this normalizing quantity will emerge in a
dimensional analysis for an impeller). A linear growth in Q
with distance downstream occurred that was quite similar for
the counter-¯ow and co-¯ow experiments, although the most
downstream cross-sections in the counter-¯ow experiment
seemed to be a�ected by the side walls of the ¯ume. Also, UpR2

normalized the ¯ow quite well since the volume growth is alike
for the di�erent N. In spite of the di�erent spreading angles
during the two experiments, the growth in Q with distance
downstream was about the same.

The rate of entrainment can be determined based on the
calculated volume ¯ux. The amount of ¯uid entrained up to a
given location is Qÿ Q0, where Q0 is the ¯ow at the impeller,
and an entrainment coe�cient, (Ke) may be de®ned as (com-
pare Chigier and Chervinsky, 1967)

Ke � D
Q0

dQ
dx

: �7�

The increase in volume ¯ux is almost constant up to approx-
imately 10D and Ke was determined from a ®tted line between
sections 1D±10D. For both co-¯ow and counter-¯ow
(N � 1200 and 1800 rpm), the entrainment coe�cient was
determined to be approximately 0.4. This value is lower than
that obtained by Chigier and Chervinsky (1967), who calcu-
lated Ke � 0:5 for a jet with a similar degree of swirl. However,
Ke � 0:4 agrees well with the results of Rose (1962) (also
similar degree of swirl). For a free non-swirling jet Chigier and
Chervinsky (1967) determined Ke to be 0.32 in agreement with
Albertson et al. (1950) and Ricou and Spalding (1960). Thus,
an impeller jet has an entrainment rate that is higher than a
non-swirling jet.

The computed Keÿ value for the impeller jet was based on
the volume ¯ux in both the ZFE and ZEF. The value Ke � 0:32
obtained for non-swirling jets is only valid for the ZEF, and
the entrainment rate is much lower in the ZFE. Albertson et al.
(1950) used a second-degree polynomial to describe Q/Q0 in
the ZFE for a non-swirling jet, where the ZFE extended to
x/D � 6.2. An average value on Ke may be calculated for the
ZFE from Albertson et al. (1950) to 0.16. Thus, the impeller-
generated jet entrains more water in both the ZFE and ZEF,
but the di�erence is much more marked in the ZFE.

3.4.3. Momentum ¯ux
The swirl number S is derived from the ratio between G/

and Gx (Eq. (2)), which in turn arises from the equations of
motions in the tangential and axial direction, respectively. The
quantity G/ may be interpreted as the axial ¯ux of angular
momentum, whereas Gx represents the axial ¯ux of linear
momentum corrected for the pressure. Thus, for a swirling jet
una�ected by an ambient ¯ow S should be a constant that is
independent of the downstream location. However, in the
present experiments a ¯ow occurred in the ambient and Gx will
experience an increase in the downstream direction for the co-
¯ow, whereas a counter-¯ow should act as a momentum sink
for the jet. The Gx-values calculated from the data clearly
showed the decrease in Gx for the counter-¯ow case, as illus-
trated in Fig. 11 (Gx was normalized with qUp

2R2 to allow for
comparison between di�erent N), although the decrease was
too large to be explained purely by the counter-¯ow. This
di�erence was attributed to the turbulent ¯uctuations (Pe-
tersson et al., 1996a), although pressure and wall shear e�ects
may have in¯uenced Gx. However, detailed measurements of
the water surface elevation along the ¯ume did not reveal any
di�erences in elevation. In the co-¯ow experiment the

Fig. 11. Normalized momentum ¯ux as a function of distance down-

stream for co-¯ow and counter-¯ow.

Fig. 10. Normalized volume ¯ux as a function of distance downstream

for co-¯ow and counter-¯ow.
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employed ambient velocity was not large enough to signi®-
cantly change Gx over the distance of observation. The com-
puted axial ¯ux of angular momentum G/ did not vary much
at the di�erent downstream locations, both in the case of co-
¯ow and counter-¯ow.

Eq. (4) is typically employed as a ®rst approximation to
evaluate Gx, which is often referred to as the jet thrust since it
contains a pressure contribution (Pratte and Ke�er, 1972;
Hussein et al., 1994). It is a ®rst approximation because Eq. (4)
is based on the assumption that the turbulent ¯uctuations are
of the same order and cancel out in the derivation (Chigier and
Chervinsky, 1967). However, analysis of the measurements
from the counter-¯ow experiment showed that the root-mean-
square (rms) value of the axial velocity component (u) is
consistently larger than the rms value for the radial (v) and
tangential (w) component. Thus, an estimate of Gx is needed
that includes the normal stresses (Pratte and Ke�er, 1972).

Gx � 2pq
Z 1

0

r U 2

 
ÿ W 2

2
� u2 ÿ w2 � v2

2

!
dr �8�

Fig. 11 also illustrates the momentum ¯ux evaluated by using
Eq. (8) for N � 1800 rpm (complete measurements were not
obtained at all locations of the normal stresses to allow eval-
uation of Eq. (8) for N � 1200 rpm); the decrease in Gx that
still occurred downstream of the impeller using this equation is
fully explainable in terms of the return ¯ow. In the co-¯ow
experiment the rms values were similar in magnitude (Peter-
son, 1996), which ful®lls the basic assumption behind Eq. (4)
making this expression su�cient for computing Gx. The main
reason why the rms values di�er in the counter-¯ow experi-
ment was the long-periodic oscillations previously mentioned
that signi®cantly a�ected u far away from the impeller.

4. Conclusions

The laboratory measurements carried out in this investi-
gation displayed the e�ects of a weakly ¯owing ambient ¯uid
on the development of a swirling jet generated by an impeller.
Two main cases were explored, namely the jet evolution in a
closed-o� ¯ume and in an open ¯ume with a base ¯ow. The
former experimental setup involved a return ¯ow (counter-
¯ow) from which the water entrained in the jet originated,
whereas in the open-¯ume case the entrained water came from
the base ¯ow (co-¯ow). Measurements of all three velocity
components (axial, tangential, and radial) were performed
with an LDV at selected downstream cross sections. The focus
of this paper was on the mean velocities and the integral ¯ow
development, although the velocity unsteadiness was measured
as well in the experiments.

The principal features of the spatial development of the
mean jet velocity components were similar for the counter-¯ow
and the co-¯ow, although the numerical values of basic jet
properties di�ered some distance downstream of the impeller.
In the vicinity of the impeller �x < 2D� there was little di�er-
ence in the measured mean velocity pro®les, and in this region
the pro®les were mainly a function of the impeller character-
istics (e.g., diameter, rotational speed, number of blades, and
blade shape). Further downstream the ambient ¯ow conditions
had a pronounced e�ect on the measured mean velocity pro-
®les, where the counter-¯ow produced an increased jet width
implying a larger spreading angle. The jet tended to spread
linearly both in the counter-¯ow and co-¯ow case at an angle
of 7.4° and 5.0°, respectively.

The periodicity induced by the impeller in the mean ve-
locities was found to completely disappear after approximately
2D, and already at 1D the e�ects were quite small. In this in-

vestigation, the border between the zone of ¯ow establishment
and the zone of established ¯ow was made based on self-sim-
ilarity in the mean axial velocity pro®le. At about 4D a
Gaussian curve described the mean axial velocity well, both for
the counter-¯ow and co-¯ow. However, the coe�cient in the
Gaussian curve had markedly di�erent values for the counter-
¯ow and co-¯ow, re¯ecting the di�erent jet spread in the two
cases. The mean tangential velocity also indicated self-simi-
larity at this location, even though the scatter was marked,
whereas the radial component displayed too much scatter to
con®rm any self-similarity.

The volume ¯ux increased linearly with distance down-
stream, and the counter-¯ow and co-¯ow displayed a similar
growth rate. Thus, even though the spreading angles were
di�erent for the two cases the volume growth was almost
identical. It is hypothesized that the generated jets are quite
similar in the two cases, even further downstream than 2D, but
the counter-¯ow causes a slow lateral oscillation of the jet that
viewed on a longer time scale (over which measurements were
made) makes the jet look wider. In contrast, a small base ¯ow
stabilizes the jet path so that a narrower jet is observed in the
measurements. The slow oscillation was produced through a
complicated interaction between the jet and the return ¯ow.
This interaction also a�ected the measured axial rms velocity,
making it consistently larger than the tangential and radial rms
velocities, especially at larger distances from the impeller. In
the estimates of the downstream momentum ¯ux for the
counter-¯ow case, this anisotropy had to be taken into ac-
count.

Comparing the results from the present investigation with
other studies on free swirling jets (generated by other means)
showed that the jet developing in the counter-¯ow displayed a
similar spread to what has previously been observed. The jet in
the co-¯ow had a spread that was close to a non-swirling jet.
The volume ¯ux and entrainment rate in the zone of estab-
lished ¯ow were in agreement with some previous studies, and
notably larger than a non-swirling jet. In the zone of ¯ow es-
tablishment. the di�erence in the entrainment rate between the
impeller jet and a non-swirling jet was even more pronounced
than in the zone of established ¯ow.
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